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1 Introduction
Gähler [, ] has introduced the concept of linear -normed spaces. Then Gähler and
White [–] introduced the concept of -Banach spaces. In  to , Lewandowska
published a series of papers on -normed sets and generalized -normed spaces [, ].
Recently, Park [] investigated approximate additive mappings, approximate Jensen map-
pings and approximate quadratic mappings in -Banach spaces. We recall and apply the
notions and notes which are given in [].
Deﬁnition . Let X be a linear space over R with dim X > , and let ‖·, ·‖ : X × X → R
be a function satisfying the following properties:
() ‖x, y‖ =  if and only if x, y are linearly dependent;
() ‖x, y‖ = ‖y,x‖;
() ‖x,αy‖ = |α|‖x, y‖ for any α ∈R;
() ‖x, y + z‖ ≤ ‖x, y‖ + ‖x, z‖;
for all x, y, z ∈ X and α ∈ R. Then the function ‖·, ·‖ is called a -norm on X and the pair
(X,‖·, ·‖) is called a linear -normed space.
Lemma . Let (X,‖·, ·‖) be a linear -normed space. If x ∈ X and ‖x, y‖ =  for all y ∈ X,
then x = .
Remark . Let (X,‖·, ·‖) be a linear -normed space. One can show that the conditions
() and () in Deﬁnition . imply that
∣∣‖x, z‖ – ‖y, z‖∣∣≤ ‖x – y, z‖,
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for all x, y, z ∈ X. Hence, the functions x→ ‖x, y‖ are continuous functions of X into R for
each ﬁxed y ∈ X.
Deﬁnition . A sequence {xn} in a linear -normed space X is called a Cauchy sequence
if there are two linearly independent points y, z ∈ X such that
lim
m,n→∞‖xn – xm, y‖ =  and limm,n→∞‖xn – xm, z‖ = .
Deﬁnition . A sequence {xn} in a linear -normed space X is called a convergent se-
quence if there is an x ∈ X such that
lim
n→∞‖xn – x, y‖ = 
for all y ∈ X. If {xn} converges to x, write xn → x as n → ∞ and call x the limit of {xn}. In
this case, we also write limn→∞ xn = x.






for all y ∈ X.
Deﬁnition . A linear -normed space in which every Cauchy sequence is a convergent
sequence is called a -Banach space.
Hensel [] has introduced a normed space which does not have the Archimedean prop-
erty. During the last three decades, the theory of non-Archimedean spaces has gained
the interest of physicists for their research in particular in problems coming from quan-
tum physics, p-adic strings and superstrings []. Although many results in the classical
normed space theory have a non-Archimedean counterpart, their proofs are diﬀerent and
require a rather new kind of intuition [–]. One may note that |n| ≤  in each valuation
ﬁeld, every triangle is isosceles and there may be no unit vector in a non-Archimedean
normed space; cf. []. These facts show that the non-Archimedean framework is of spe-
cial interest.
Deﬁnition . LetK be a ﬁeld. A valuation mapping onK is a function | · | :K→R such
that for any a,b ∈K, we have
(i) |a| ≥  and the equality holds if and only if a = ,
(ii) |ab| = |a||b|,
(iii) |a + b| ≤ |a| + |b|.
A ﬁeld endowed with a valuation mapping will be called a valued ﬁeld. If the condition
(iii) in the deﬁnition of a valuation mapping is replaced with
(iii)′ |a + b| ≤ max{|a|, |b|},
then the valuation | · | is said to be non-Archimedean. The condition (iii)′ is called the
strict triangle inequality. By (ii), we have || = | – | = . Thus, by induction, it follows
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from (iii)′ that |n| ≤  for each integer n. We always assume in addition that | · | is non-
trivial, i.e., there is an a ∈ K such that |a| /∈ {, }. The most important examples of
non-Archimedean spaces are p-adic numbers.
Example . Let p be a prime number. For any non-zero rational number a = pr mn such
that m and n are coprime to the prime number p, deﬁne the p-adic absolute value |a|p =
p–r . Then | · | is a non-Archimedean norm on Q. The completion of Q with respect to | · |
is denoted by Qp and is called the p-adic number ﬁeld.
Deﬁnition . Let X be a linear space over a scalar ﬁeld K with a non-Archimedean
non-trivial valuation | · |. A function ‖ · ‖ : X →R is a non-Archimedean norm (valuation)
if it satisﬁes the following conditions:
(NA) ‖x‖ =  if and only if x = ;
(NA) ‖rx‖ = |r|‖x‖ for all r ∈K and x ∈ X ;
(NA) the strong triangle inequality (ultrametric); namely, ‖x + y‖ ≤ max{‖x‖,‖y‖}
(x, y ∈ X).
Then (X,‖ · ‖) is called a non-Archimedean normed space.
Now, we give the deﬁnition of a non-Archimedean -normed space which has been
introduced in [].
Deﬁnition . Let X be a linear space with dim X >  over a scalar ﬁeld K with a non-
Archimedean non-trivial valuation | · |. A function ‖·, ·‖ : X → R is a non-Archimedean
-norm (valuation) if it satisﬁes the following conditions:
(NA) ‖x, y‖ =  if and only if x, y are linearly dependent;
(NA) ‖x, y‖ = ‖y,x‖;
(NA) ‖x,αy‖ = |α|‖x, y‖ for any α ∈K;
(NA) ‖x + y, z‖ ≤ max{‖x, z‖,‖y, z‖};
for all α ∈K and x, y, z ∈ X. Then (X,‖·, ·‖) is called a non-Archimedean -normed space.
It follows from (NA) that
‖xm – xl, y‖ ≤ max
{‖xj+ – xj , y‖ : l ≤ j ≤m – } (m > l),
and so a sequence {xm} is Cauchy in X if and only if {xm+ – xm} converges to zero in a
non-Archimedean -normed space.
The stability problems concerning group homomorphisms were raised by Ulam [] in
 and aﬃrmatively answered for Banach spaces by Hyers [] in the next year. The
Hyers theorem was generalized by Rassias [] for linear mappings by considering an un-
bounded Cauchy diﬀerence. In , a generalization of the Rassias theoremwas obtained
by Gaˇvruta [] by replacing the unbounded Cauchy diﬀerence by a general control func-
tion.
In , Radu [] proposed a newmethod for obtaining the existence of exact solutions
and error estimations, based on the ﬁxed point alternative (see also [, ]).
Let (X,d) be a generalized metric space. An operator T : X → X satisﬁes a Lipschitz
condition with a Lipschitz constant L if there exists a constant L≥  such that d(Tx,Ty)≤
Ld(x, y) for all x, y ∈ X. If the Lipschitz constant L is less than one, then the operator T
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is called a strictly contractive operator. Note that the distinction between the generalized
metric and the usual metric is that the range of the former is permitted to include the
inﬁnity. We recall the following theorem by Margolis and Diaz.
Theorem . (cf. [, ]) Suppose that we are given a complete generalized metric space
(,d) and a strictly contractive mapping T :  →  with the Lipschitz constant L. Then,





=∞ for all m≥ 
or there exists a natural number m such that
• d(Tmx,Tm+x) <∞ for all m≥m;
• the sequence {Tmx} is convergent to a ﬁxed point y* of T ;
• y* is the unique ﬁxed point of T in  = {y ∈  : d(Tmx, y) <∞};
• d(y, y*)≤ –Ld(y,Ty) for all y ∈ .
Khodaei and Rassias [] investigated the solution and the Hyers-Ulam stability of an
n-dimensional additive functional equation such that in the special case n = ,
f (ax + by) + f (ax – by) = af (x) (.)
for a,b ∈ Z\{} with a 	= ±,±b. They proved that the Cauchy equation is equivalent to
the above equation.
Jun and Kim [] introduced the following cubic functional equation:
f (x + y) + f (x – y) = f (x + y) + f (x – y) + f (x), (.)
and they established the general solution and the Hyers-Ulam stability for the functional
equation (.). They proved that a mapping f between two real vector spaces X and Y is
a solution of (.) if and only if there exists a unique mapping C : X × X × X → Y such
that f (x) = C(x,x,x) for all x ∈ X. Moreover, C is symmetric for each ﬁxed one variable and
is additive for ﬁxed two variables. The mapping C is given by C(x, y, z) =  (f (x + y + z) +
f (x – y – z) – f (x + y – z) – f (x – y + z)) for all x, y, z ∈ X. Obviously, the function f (x) = cx
satisﬁes the functional equation (.), which is called a cubic functional equation. Jun et
al. [] investigated the solution and the Hyers-Ulam stability for the cubic functional
equation
f (ax + by) + f (ax – by) = ab
(







where a,b ∈ Z\{} with a 	=±,±b.
Lee et al. [] considered the following functional equation:
f (x + y) + f (x – y) = 
(
f (x + y) + f (x – y)
)
+ f (x) – f (y). (.)
In fact, they proved that a mapping f between two real vector spaces X and Y is a solution
of (.) if and only if there exists a unique symmetric bi-quadraticmappingB : X×X → Y
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f (x + y) + f (x – y) – f (x) – f (y)
)
.
Obviously, the function f (x) = ax satisﬁes the functional equation (.), which is called a
quartic functional equation. Kang [] investigated the Hyers-Ulam stability problem for
the quartic functional equation
f (ax + by) + f (ax – by) = ab
(











where a,b ∈ Z\{} with a 	=±,±b.
Recently, Ebadian, Najati and Eshaghi Gordji [] considered the Hyers-Ulam stability
of the systems of the additive-quartic functional equation
⎧⎨
⎩
f (x + x, y) = f (x, y) + f (x, y),
f (x, y + y) + f (x, y – y) = f (x, y + y) + f (x, y – y) + f (x, y) – f (x, y)
and the quadratic-cubic functional equation
⎧⎨
⎩
f (x, y + y) + f (x, y – y) = f (x, y + y) + f (x, y – y) + f (x, y),
f (x, y + y) + f (x, y – y) = f (x, y) + f (x, y).




f (ax + bx, y, z) + f (ax – bx, y, z) = af (x, y, z),
f (x,ay + by, z) + f (x,ay – by, z)
= ab(f (x, y + y, z) + f (x, y – y, z))
+ a(a – b)f (x, y, z),
f (x, y,az + bz) + f (x, y,az – bz)
= ab(f (x, y, z + z) + f (x, y, z – z))
+ a(a – b)f (x, y, z) – b(a – b)f (x, y, z),
(.)
where a,b ∈ Z\{} with a 	= ±,±b. The function f : R×R×R→ R given by f (x, y, z) =
cxyz is a solution of (.). In particular, letting y = z = x, we get an octic function g :R→
R in one variable given by g(x) := f (x,x,x) = cx. The proof of the following proposition is
evident, and we omit the details.
Proposition . Let X and Y be real linear spaces. If amapping f : X → Y satisﬁes (.),
then f (λx,μy,ηz) = λμηf (x, y, z) for all x, y, z ∈ X and all rational numbers λ,μ,η.
We mention here the papers [–] concerning the Hyers-Ulam stability of the mixed
type functional equations, the Hyers-Ulam stability in non-Archimedean Banach spaces
and the Hyers-Ulam stability by ﬁxed point methods.
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In the rest of this paper, unless otherwise explicitly stated, we will assume that X is a
non-Archimedean normed space and Y is a non-Archimedean -Banach space.
2 Approximation of octic mappings
In this section, we investigate the Hyers-Ulam stability problem for the system (.) in
non-Archimedean -Banach spaces.
Theorem . Let s ∈ {–, } be ﬁxed. Let φ,φ,φ : X → [,∞) be functions such that
	(x, y, z) :=
∣∣∣∣ 
∣∣∣∣max{
∣∣a–s+∣∣φ(a s– x, ,a s– y,a s– z)∣∣a–s∣∣φ(a s+ x,a s– y, ,a s– z),
∣∣a–s–∣∣φ(a s+ x,a s+ y,a s– z, )} (.)















for all x, y, z,x,x, y, y, z, z ∈ X. If f : X → Y is a mapping such that f (x, y, ) =  for all
x, y ∈ X and





f (x, y, z),u









f (x, y, z),u
∥∥≤ φ(x, y, z, z), (.)
for all u ∈ Y and x, y, z,x,x, y, y, z, z ∈ X, then there exists a unique octic mapping T :
X ×X ×X → Y satisfying (.) and
∥∥f (x, y, z) – T(x, y, z),u∥∥≤  – L	(x, y, z) (.)
for all u ∈ Y and x, y, z ∈ X.
Proof Putting x = x and x =  and replacing y, z by y, z in (.), we get
∥∥f (ax, y, z) – af (x, y, z),u∥∥≤
∣∣∣∣ 
∣∣∣∣φ(x, , y, z) (.)
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for all u ∈ Y and x, y, z ∈ X. Putting y = y and y =  and replacing x, z by ax, z in (.),
we get
∥∥f (ax, ay, z) – af (ax, y, z),u∥∥≤
∣∣∣∣ 
∣∣∣∣φ(ax, y, , z) (.)
for all u ∈ Y and x, y, z ∈ X. Putting z = z and z =  and replacing x, y by ax, ay in
(.), we get
∥∥f (ax, ay, az) – af (ax, ay, z),u∥∥≤
∣∣∣∣ 
∣∣∣∣φ(ax, ay, z, ) (.)
for all u ∈ Y and x, y, z ∈ X. Thus,




∣∣a∣∣φ(x, , y, z), ∣∣a∣∣φ(ax, y, , z),φ(ax, ay, z, )}
(.)
for all u ∈ Y and x, y, z ∈ X. Replacing x, y and z by x , y and z in (.), we have




∣∣a∣∣φ(x, , y, z), ∣∣a∣∣φ(ax, y, , z),φ(ax,ay, z, )} (.)
for all u ∈ Y and x, y, z ∈ X. It follows from (.) that





































x, y, za , 
)}
(.)





– f (x, y, z),u
∥∥∥∥≤ 	(x, y, z) (.)
for all u ∈ Y and x, y, z ∈ X.
Let S be the set of all mappings h : X×X×X → Y with h(x, y, ) =  for all x, y ∈ X. And
let us introduce a generalized metric on S as follows:
d(h,k) = inf
{
α ∈R+ : ∥∥h(x, y, z) – k(x, y, z),u∥∥≤ α	(x, y, z),∀u ∈ Y and x, y, z ∈ X},
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where, as usual, inf∅ = +∞. The proof of the fact that (S,d) is a complete generalized
metric space can be found in []. Now, we consider the mapping J : S → S deﬁned by




for all h ∈ S and x, y, z ∈ X. Let f , g ∈ S such that d(f , g) < ε. Then
∥∥Jg(x, y, z) – Jf (x, y, z),u∥∥
=
∥∥a–sg(asx,asy,asz) – a–sf (asx,asy,asz),u∥∥
=
∣∣a–s∣∣∥∥g(asx,asy,asz) – f (asx,asy,asz),u∥∥
≤ ∣∣a–s∣∣ε	(asx,asy,asz)≤ Lε	(x, y, z),
that is, if d(f , g) < ε, we have d(Jf , Jg)≤ Lε. This means that
d(Jf , Jg)≤ Ld(f , g)
for all f , g ∈ S; that is, J is a strictly contractive self-mapping on S with the Lipschitz con-
stant L. It follows from (.) that
∥∥Jf (x, y, z) – f (x, y, z),u∥∥≤ 	(x, y, z)
for all u ∈ Y and x, y, z ∈ X, which implies that d(Jf , f ) ≤ . Due to Theorem ., there
exists a unique mapping T : X × X × X → Y such that T is a ﬁxed point of J , i.e.,








= T(x, y, z)
for all x, y, z ∈ X.
It follows from (.), (.), (.) and (.) that
∥∥T(ax + bx, y, z) + T(ax – bx, y, z) – aT(x, y, z),u∥∥
= lim
n→∞









∣∣a–sn∣∣φ(asnx,asnx,asny,asnz) =  (.)
for all u ∈ Y and x,x, y, z ∈ X,










































for all u ∈ Y and x, y, y, z ∈ X,












































∣∣a–sn∣∣φ(asnx,asny,asnz,asnz) =  (.)
for all u ∈ Y and x, y, z, z ∈ X. It follows from (.), (.) and (.) that T satisﬁes (.),
that is, T is octic.
According to the ﬁxed point alternative, since T is the unique ﬁxed point of J in the set
 = {g ∈ S : d(f , g) <∞}, T is the unique mapping such that
∥∥f (x, y, z) – T(x, y, z),u∥∥≤ 	(x, y, z)
for all u ∈ Y and x, y, z ∈ X. Using the ﬁxed point alternative, we obtain that
d(f ,T)≤  – Ld(f , Jf )≤

 – L	(x, y, z),
for all x, y, z ∈ X, which implies the inequality (.). 
Remark. LetX be a normed space and letY be a -Banach space inTheorem.. Using
the ﬁxed point method, one can show that there exists a unique octic mapping T : X → Y
satisfying (.) and
∥∥f (x, y, z) – T(x, y, z),u∥∥≤  – L 	˜(x, y, z) (.)
for all u ∈ Y and x, y, z ∈ X, and
	˜(x, y, z) :=
∣∣∣∣ 
∣∣∣∣{
∣∣a–s+∣∣φ(a s– x, ,a s– y,a s– z) + ∣∣a–s∣∣φ(a s+ x,a s– y, ,a s– z)
+
∣∣a–s–∣∣φ(a s+ x,a s+ y,a s– z, )}
for all x, y, z ∈ X. It is easy to see that the approximation in non-Archimedean -normed
spaces (inequality (.)) is better than the approximation in (Archimedean) -normed
spaces (inequality (.)).
By the direct method, the following corollary is valid in the (Archimedean) Banach
spaces.
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Corollary . Let s ∈ {–, } be ﬁxed and θ , p be nonnegative real numbers with ps < s,
and let X, Y be a normed space and a Banach space, respectively. Suppose that a mapping
f : X → Y satisfying f (x, y, ) =  and





f (x, y, z)









f (x, y, z)
∥∥
≤ θ(‖x‖p + ‖y‖p + ‖z‖p + ‖z‖p),
for all x, y, z,x,x, y, y, z, z ∈ X. Then there exists a unique octic mapping T : X × X ×
X → Y satisfying





a + a|a|p + |a|p)‖x‖p + (a + a + |a|p)‖y‖p + (a + a + )‖z‖p)
for all x, y, z ∈ X.
The following example shows that the previous corollary is not valid in non-Archi-
medean Banach spaces.
Example . Themost important examples of non-Archimedean spaces are p-adic num-
bers. A key property of p-adic numbers is that they do not satisfy the Archimedean axiom:
for all x and y > , there exists an integer n such that x < ny.
Let p be a prime number. For any nonzero rational number x, there exists a unique inte-
ger r ∈ Z such that x = abpr , where a and b are integers not divisible by p. Then |x|p := p–r
deﬁnes a non-Archimedean norm on Q. The completion of Q with respect to | · | is de-
noted by Qp and is called the p-adic number ﬁeld. Note that if p ≥ , then |n|p =  for
each integer n.
We consider the following special case of the system (.):
∥∥f (x + x, y, z) + f (x – x, y, z) – f (x, y, z)∥∥≤ θ(‖x‖r + ‖x‖r + ‖y‖r + ‖z‖r),∥∥f (x, y + y, z) + f (x, y – y, z) – (f (x, y + y, z) + f (x, y – y, z)) – f (x, y, z)∥∥
≤ θ(‖x‖r + ‖y‖r + ‖y‖r + ‖z‖r),∥∥f (x, y, z + z) + f (x, y, z – z) – (f (x, y, z + z) + f (x, y, z – z))
– f (x, y, z) + f (x, y, z)
∥∥≤ θ(‖x‖r + ‖y‖r + ‖z‖r + ‖z‖r).
Let X = Y = Qp for a prime number p >  and deﬁne f : X → Y by f (x,x,x) = xxx.
Then for r = , θ =  and all x,x, y, y, z, z,x, y, z 	=  with |x|p < , |y|p < , |z|p < , we
have
∣∣f (x + x, y, z) + f (x – x, y, z) – f (x, y, z)∣∣p = ||p = ≤ |x|p + |x|p + |y|p + |z|p,
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and
∣∣f (x, y + y, z) + f (x, y – y, z) – (f (x, y + y, z) + f (x, y – y, z)) – f (x, y, z)∣∣p
= |xz|p · | – y|p ≤ |y|p ≤ |x|p + |y|p + |y|p + |z|p,
and
∣∣f (x, y, z + z) + f (x, y, z – z) – (f (x, y, z + z) + f (x, y, z – z))
– f (x, y, z) + f (x, y, z)
∣∣
p
= |xy|p · | – z + z|p ≤ max{| – z|p, |z|p}
≤ max{|z|p, |z|p} ≤ |x|p + |y|p + |z|p + |z|p.
But for each natural number n, we have





Hence, for each x,x,x 	= , {–snf (snx, snx, snx)} is not convergent.
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